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Statement of Problem

@ Nonlinear Schrodinger Equation

i0cu = Au+ Nu[*Pu (1)
xeT teR, peN
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Statement of Problem

@ Nonlinear Schrodinger Equation

i0cu = Au+ Nu[*Pu (1)
xeT teR, peN

e Consider the plane wave solution to (1):

Win(x,0) := ge™>
Wm(X, t) — Qeim~xei(|m|2—/\g2f’)t
@ Assuming u(x, t) satisfies (1) and
o — e™"™*u(x,0)[|ys(1ey < €, what type of stability can we
expect?
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solution that starts off near the periodic one

periodic solution we solve

for this difference
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Definition (Orbital Stability)

A solution x(t) is said to be orbitally stable if, given € > 0, there
exists a 0 = d(e) > 0 such that, for any other solution, y(t),
satisfying [x(to) — y(to)| < 9, then d(y(t), O(xo, to)) < € for

t > tp.

@ Forany M e N

@ There exist sy and e so that for any solution u to (1) with
o —e™"™>u(x,0)|ys(rey < €, for e < ep and s > s

inf |[e e M*w, (o, 1) — e ™ u(e, t) || s 1oy < eC(M, s0,€0)
peR

@ Fort <&M
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First Approach

@ Assume m=0

@ Translation of (1) by wy:

2p+1
i0iu = (A + (p+ DA% u+ (pAo?P V)i + Z Fi(u, o, wp)

INE)

ideup = (—[n]? + (p+ 1D)A0*)up + (PAPP WG, + F(ug, Tk, wo)

(3)

@ The linear part of (3) is a system with periodic coefficients, so
we consider Floquet's theorem.
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Floquet's Theorem

Theorem (Floquet’s Theorem)

Suppose A(t) is periodic. Then the Fundamental matrix of the
linear system has the form

M(t, to) = P(t, to) exp((t — to) Q(t0))

where P(-, ty) has the same period as A(-) and P(ty, t) = 1.

The eigenvalues of M(ty) :=M(to + T, to), pj, are known as
Floquet multipliers and

Corollary

A periodic linear system is stable if all Floquet multipliers satisfy
lpjl < 1.
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Constant coefficients and Diagonalization

With z, = e=*¢*ty, the linear part of (3) is

where

Q= \/[n[2(|n[? + 2pe?)

assuming A = —1.
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Duhamel Iteration Scheme

Duhamel’'s Formula:
t .
xq(t) = 't x,(0) + / e (=) F(x(s)), ds
0

Define the iteration scheme:

n(t, k+1) = xa(t,0) + [o € F(xy(s, k)) ds
xn(t,0) := etx,(0,0)
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Duhamel Iteration Scheme

Duhamel’'s Formula:
t .
xq(t) = 't x,(0) + / e (=) F(x(s)), ds
0

Define the iteration scheme:

n(t, k+1) = xa(t,0) + [o € F(xy(s, k)) ds
xn(t,0) := e ¥tx,(0,0)

@ This approach is similar to the 19th century approach of
expanding the solution in a perturbative series:

u(t) = wo(t) +eun(t) + 62u2(t) 4.

uy being defined recursively.

@ This series does not converge, so we should expect a similar
phenomenon.
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Appearance of small divisors

The first step shows us the issues that this iteration scheme
presents us:

Small Model of First Iterate

t .
xo(t,1) = xa(£, 0) + / (=) 3 x, (5, 0)xny (5, 0) ds
0

ny,n2

_ Xn(t 0 /Q t Z Xn1Xn2/ i(Q2ny +Q2ny —Q0)s ds

ny,n
(Q,,1+Q,,2)t e/Snt

= xn(t,0) + X X
n Z nym (in +Qn2 _ Qn)

ny,n2
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Appearance of small divisors
How do we control the small divisors?

Recall that

Q= \/[n[2(|n[? + 2pe?)

and note the pattern

9.0, — C(n,0) C(n, 0)
o3fn = 3 25 " nl2 £ 2p02P
VInl? +2pe?P |n|> + 2po
2 2
83,9": C (n,Q) :Q C (n,g)

(1nP +2pg)72 ~ " (o + 2077

We can conclude that

Qny + Qny — Qo = (U + Qny, — Q) = 5(Uny + L, — Qy) =0
does not occur on compact set of p.
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Appearance of small divisors

Small Model of Second Iterate

xn(t,2)
t .
—x(£.0)+ [ €MDY (5, L (5,1) s
0 ni,n2
= xp(t, 1)

n1+Qk1+Qk2*Qn)S _ ei(Qn1+Qn2—Qn)s ds
i(le + ka - an)

’(le +Qj2+le+Qk2—Qn)S _ ds

t_i(Q
+ o/ nt 2 : Xny Xky Xk fo e

ny,ki,ka

t
4 et Z Xjy Xjy X, Xk [ €
J1:2,k1,ka _(le + Qj2 B in)(le + ka - an)

+ ...
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Issues

e Convergence
@ Resonances

@ Type of stability
o Problem at zero mode

Wilson Sobolev Stability of Plane Wave Solutions to the NLSE



A Reduction on the Hamiltonian

H:= Z ’k| ’uk|2+ﬁ Z U, - ukarl h "'th+1'
kezd E:p+1k E:p+lh
(4)

Let L := ||u(0)[|2,, define the symplectic reduction of up:

{uk, Uk brezes — (L vos {Vis Vi Freza (0}):

u=e" |L— Z \vik2, ux = ve™, Vk ez {0}.
kezd
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A Reduction on the Hamiltonian

1

+1 2 2
=T X (KPR + (S vk + 7))

kezd\ {0}

1 -1 +1 -
+ LP™2 Z (%(Vkl Vig Ve iy —ky + C.C) + w(vkl Vi Vi +ky + C.C‘))

k1.ko ezd\ {0}
Ky +ko 0

+(=prt > IVk\Z)( > (P+1)|Vk|2+g(vkv—k-i-VkV—k))

kezd\ {0} kezd\ {0}
P, 2
+ ELP YD wbP)
kezd\{0}
2
_ +1 o +1 -1 _
vty (PP gt ea + CEVRED vy n tce)
K €zd\ {0}
ki+koFk3+ka
—1/p(P—1)(p—2)
+LP (T Z (V/q Vi Vi Vi, + c.c)) + h.o.t.
kjezd\ {0}
ki +koFk3+hy
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A Reduction on the Hamiltonian

Quadratic part

We now diagonalize the quadratic part of the Hamiltonian:

o= > (K + L)l + LP5(vevose + wis)  (5)
kez9\{0}

which gives

Qy
Ho= > 7(|Xk|2 + [x_il?) (6)
kezd

with Q, = \/[k2([k[Z + 2pLP).

@ It is convenient to group together the modes having the same
frequency i.e. to denote

wq =1/ q%(q + 2pLP), qg>1 (7)
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A fork in the road

e KAM Theory

o Existence of quasi periodic after a small perturbation that
exists for all time

@ Birkhoff Normal Forms

o Orbital e-stability of the periodic solution up to time e =M.
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Birkhoff Normal Form Theorem in Finite Dimension

Definition (Normal Form)

Let H = Ho + P where P € C>°(R?N R), which is at least cubic
such that P is a perturbation of Hy. We say that P is in normal
form with respect to Hp if it Poisson commutes with Hp:

{PvHO}:O

Definition (Nonresonance)

Let r € N. A frequency vector, w € R”, is nonresonant up to
order r if

k-w:=>"kiwj #0 forall k€ Z" with 0 < [k| < r
j=1
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Birkhoff Normal Form Theorem in Finite Dimension

Theorem (Moser '68)
Let H= Hy + P where

2 2
_ N Pj +qj

o P c C®(R?N R) having a zero of order 3 at the origin

Fix M > 3 an integer. There exists 7:U > (q',p') — (q,p) €V a
real analytic canonical transformation from a nbhd of the origin to
a nbhd of the origin which puts H in normal form up to order M
ie.

Hor=Hy+Z+R
with
@ Z is a polynomial of order r and is in normal form
@ R e C*(R*N,R) and R(z,z) = O(||(q, p)|M*)
© 7 is close to the identity: T(q,p) = (q,p) + O(||(g, P)||?)
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Birkhoff Normal Form Theorem in Finite Dimension

Corollary

Assume w is nonresonant. For each M > 3 there exists g > 0 and

C > 0 such that if ||(qo, po)|| = € < €0 the solution (q(t), p(t)) of
the Hamiltonian system associated to H which takes value (qo, po)
at t = 0 satisfies

[(q(t), p(t)]| < 2¢ for |t] <

c
eM-1"
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Normal Form: Formal Argument

Consider the ODE

i0¢Xp = wWnXn + Z (fk(x)

k>2

With
@ Auxiliary Hamiltonian: x(x)
@ X, the corresponding vector field

We note that for any vector field Y, its transformed vector field
under the time 1 flow generated by X, is

ey = Z adx (8)
where adx Y :=[Y, X].
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Iterative Step

Let x be degree Ko +1

Let ®,(x) be the time-1 flow map associated with the
Hamiltonian vector field X, .

Consider the change of variables y = ¢, (x)

Using the identity (8), one obtains
Ko—1

i0ryn = wayn+ Y (f(¥)), + (X wy](¥)n + (o (¥))n + h-o-t.
k=2
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Homological Equation

Plan: choose x and another vector-valued homogeneous
polynomial of degree Ky, Rk,, in such a way that we can
decompose fg, as follows

fio(¥) = Rio(y) — [Xx, wyl(y) (9)

@ We can find x so that Rk, is in the kernel of the following
function

ady,(X) == [X,wy].

@ Any Y € kerad,, is referred to as "normal” or "resonant”.
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Appearance of small divisors

o Condition for a monomial, y*7°0,, , (o, B € N*°) to satisfy
yeyPo,, € kerad,:

adw(ya)_’ﬂaym) =[(a=8) w- Wm]ya)_’ﬂaym
e For individual terms, (9) becomes

Ra,ﬁ,m - (w : (a - 5) - wm)Xa,B,m = fa,ﬁ,m
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Appearance of small divisors

o Condition for a monomial, y*7°0,, , (o, B € N*°) to satisfy
yeyPo,, € kerad,:

adw(ya)_’ﬂaym) =[(a=8) w- Wm]ya)_’ﬂaym
e For individual terms, (9) becomes

Ra,ﬁ,m - (w : (a - 5) - wm)Xa,B,m = fa,ﬁ,m

@ Definition of X, and Rg,:

Ra.g,m = fa,g,m

Xesm =0 when w-(a—pf)—wm=0

_faﬂ m
Xo.8,m 1= —
M (W0 (a = B) — wm)

when w-(a—pf) —wm#0
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Appearance of small divisors

@ In finite dimension,
inf{|w-(a—6)—wm|‘w-(a—ﬁ)—wm#O} >0

@ Leads to bound on change-of-variables
map(symplectomorphism).

@ Not necessarily true in infinite dimensions.
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Nonresonance Condition

Definition (Nonresonance Condition)

There exists v = yp > 0 and 7 = 7y > 0 such that for any N
large enough, one has

g
> Aqwq| = G for [Als <M, Y |Agl<2 (10
g>1 q>N

where X € Z*°\ {0}.

Wilson Sobolev Stability of Plane Wave Solutions to the NLSE



Nonresonance Condition

Definition (Nonresonance Condition)

There exists v = yp > 0 and 7 = 7y > 0 such that for any N
large enough, one has

g
D Aqwg| > e for [[A: <M, > [AgJ<2  (10)
g>1 q>N

where X € Z*°\ {0}.

The following generalization of the “non-resonance” result in
Bambusi-Grebert holds.

Theorem (Bambusi-Grebert 2006)
For any Ly > 0, there exists a set J C (0, Lo) of full measure such

that if L € J then for any M > 0 the Nonresonance Condition
holds.
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Theory of Bambusi-Grebert
Functional Setting

Definition

For x = {Xn},czq, define the standard Sobolev norm as

Ixlls = [ > [xa2(n)2s
nezd

H® == {x = {xn} pezo | lIx|ls < o0}

Define H® as
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Theory of Bambusi-Grebert
Functional Setting

Let

X(z):= ) |Xalz"

llaxlle, =¢

Definition (Tame Modulus)

Let X be a vector-valued homogeneous polynomial of degree /. X
is said to have s-tame modulus if there exists C > 0 such that

l
1 _
<C-D Hz(l)\l% ]|zt ”ll%Hz(k)HsHZ(kH)H% o HZM)H%

for all z(), ..., z(®) € H5. The infimum over all C for which the
inequality holds is called the tame s-norm and is denoted |X|s.
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Normal Form Theorem

Theorem (Bambusi-Grebert 2006)

Consider the equation
i =wx+ Y fix). (11)
k>2

and assume the nonresonance condition (10). For any M € N,
there exists sy = sp(M, T) such that for any s > sy there exists
rs > 0 such that for r < rs, there exists an analytic canonical
change of variables

= oM (x)
&M . B(r) — By(3r)

which puts (11) into the normal form

iy = wy + RM(y) + xM)(y). (12)




Normal Form Theorem continued

Theorem (Theorem cont.)
Moreover there exists a constant C = Cs such that:
o

sup |Ix — @M (x)||s < Cr?
x€EBs(r)

o RM) s at most of degree M + 2, is resonant, and has tame
modulus

@ the following bound holds

M, < crM+s
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Normal Form Theorem ldeas

@ In the homological equation

fio(y) = Rio () — [Xx, wyl(y)

let fi, = F + f*
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Normal Form Theorem ldeas

@ In the homological equation

fio(y) = Rio () — [Xx, wyl(y)

let fi, = F + f*

o f* consists of terms, £, g my®y70,, where

Z ’an;‘ + Z |/Bm,-| + IL{|n\>N}(m) <2

[ni|>N [mj|>N

o 7 is small when ||y||s is small due to Tame Modulus.

@ We instead solve

f(v) = Rio(y) — Xy, wyl(y)
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Main Theorem: Statement from FGL '13

Theorem (Faou, Gauckler, Lubich 2013)

Let po > 0 be such that 1 — 2)\p(2) > 0, and let M > 1 be fixed
arbitrarily. There exists so > 0, C > 1 and a set of full measure P
in the interval (0, po] such that for every s > sy and every p € P,
there exists g such that for every m € 79 the following holds: if
the initial data u(e,0) are such that

lu(e,0)|2=p and  [le”"™*u(e,0) — um(0)||s = ¢ < &g

then the solution of (1) (with p = 1) with these initial data
satisfies

le=™*u(e, t) — um(t)||ys < Ce fort <e=M
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Structure of the cubic case

Let

He = / (0l + |ul*) dx
T

Theorem (Kappeler, Grebert 2014)

There exists a bi-analytic diffeomorphism Q : H* — H' such that
Q introduces Birkhoff coordinates for NLS on HY. That is, on H!
the transformed NLS Hamiltonian H. o Q=1 is a real-analytic
function of the actions

_ ’Xn‘z

In
2

for n € Z. Furthermore, dyS2 is the Fourier transform.
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Main Theorem: Statement

Theorem (W. 2014)

Let Lo > 0 be such that 1 — 2pAL§ > 0, and let M > 1 be fixed
arbitrarily. There exists so > 0, C > 1 and a set of full measure P
in the interval (0, Lo] such that for every s > sy and every L € P,
there exists g such that for every m € 7.9 the following holds: if
the initial data u(e,0) are such that

lu(e,0)[2=L and  [le"™*u(,0) — um(0)|l: = & < €0

then the solution of (1) with these initial data satisfies

le=™®u(e, t) — um(t)||ys < Ce fort <e=M
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Characterization of R(M)

Proposition
The truncation of (12),
iy = wy + RM(y)
can be decoupled in the following way:
Yy Yy
0| - | =Mg| - (13)
ynk _ynk

where g > 1, {ny,...,n} :={ne€Z9 : |n| = q},
Mg = Mg (w,{yj}) is a self-adjoint matrix for all t.
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Characterization of R(M)

The form of the resonant terms depends entirely on two properties
of the Hamiltonian:

@ The Hamiltonian obeys the Conservation of Momentum law:

o For any monomial, f, g my“y?d,,, in the vector field, the
indices satisfy

Zakk—Zﬁjj—m:O

o {wqg}q<n is a linearly independent set
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Resonant Dynamics

Proposition

Suppose y € H? satisfies (13), then

OilylZ=0:> | D Iyml | (@* =0

9>1 \|m|=q
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Further Questions

@ Infinite time result?
e Feasibility of the Floquet/Duhamel iteration
o KAM result
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KAM Result

@ Obstacles

o One parameter family of frequencies
e Repeated frequencies

@ May be able to overcome this: Bambusi, Berti, Magistrelli
Degenerate KAM theory for PDEs
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